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Abstract 
 
The paper demonstrates the application of inverse airfoil design method to improve 
performance of a low-speed straight-bladed Darrieus-type VAWT. The study shows 
that an appropriate tailoring of the airfoil surface using the inverse airfoil design 
technique can help improve performance by eliminating undesirable flow field 
characteristics at very low Re, such as early transition due to presence of separation 
bubbles. The increase aerodynamic efficiency then translates into an improved 
aerodynamic performance of VAWTs specifically at very low chord Reynolds 
numbers. The study employs an interactive inverse airfoil design method (PROFOIL) 
that allows specification of velocity and boundary-layer characteristics over different 
segments of the airfoil subject to constraints on the geometry (closure) and the flow 
field (far field boundary). Additional constraints to satisfy some desirable features, 
such as pitching moment coefficient, thickness, camber, etc., along with a merit of 
performance of the VAWT, such as the required power output for a given tip-speed 
ratio, are specified as part of the inverse problem. Performance analyses of the airfoil 
and the VAWT are carried out with the aid of state-of-the-art analyses codes, XFOIL 
and CARDAAV, respectively. XFOIL is a panel method with a coupled boundary-
layer scheme and is used to obtain the aerodynamic characteristics of resulting airfoil 
shapes. The final airfoil geometry is obtained through a multi-dimensional Newton 
iteration. A design example is presented to demonstrate the merits of the technique 
in improving performance of small VAWTs at low speeds. The main findings of the 
study suggests  that the strength of the method lies in the inverse design 
methodology whereas its weaknesses is in reliably predicting aerodynamic 
characteristics of airfoils at low Reynolds numbers and high angles of attack. This 
weakness can, however, be overcome by assessing relative performance of the 
VAWT with the assumption that the changes in airfoil characteristics be kept small. 
The results indicate that a 10-15% increase in the relative performance of the VAWT 
can be achieved with this method.     
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Background 
 
Ever since the rediscovery of the Darrieus rotor concept by Peter South1 and co-
workers at the Canadian Research Council in 1968, extensive research effort has 
been devoted towards the maturity of VAWT performance prediction models, the 
question of the optimum performance remains unanswered to this day. There remain 
several unanswered concerns that need to be carefully examined and systematically 
addressed in order to truly realize the potential of the Darrieus-type VAWT (D-
VAWT).  
 
The first concern is in regards to the aerodynamic efficiency of a D-VAWT. It is an 
established fact that the aerodynamic efficiency of a D-VAWT is greatly influenced by 
the choice of airfoil geometry as reflected in several studies,2-9 analytical as well as 
experimental. To be able to predict the performance reliably, accurate airfoil 
aerodynamic characteristics data, in terms of airfoil section lift, drag and moment 
coefficients (cl, cd, and cm respectively), is needed for a range of angles of attack (-
180 < α < 180 deg) as well as a chord Reynolds number (Rec) range from as low as 
50,000 to as high as 3 million depending on the size of the VAWT. The majority of 
airfoil section force and moment coefficient data available in literature to-date is 
based on airfoils that were designed for a host of aircraft, rotorcraft and propeller 
applications10, 11 and is limited to an angle of attack range of just past stall since the 
utility of these airfoils is limited to an angle of attack range between zero-lift angle 
and the stall. Seldom are these airfoils required to operate in stall or post-stall 
conditions.  
 
The blades on a VAWT, on the other hand, operate on a wide range of angles of 
attack. Moreover, because of the cyclic nature of VAWT, the blade airfoil undergoes 
through both stall, positive and negative (flow separating on the upper and lower 
surfaces, respectively), and post-stall regimes. Since blade performance in the stall 
region determines the actual rating of the turbine, the nature of stall is of quite 
significance for optimum design. Availability of experimental test section data at low 
chord Reynolds number specifically around stall and in the post-stall regime is very 
scarce. Only a few such experimental investigations5,6,9,12 exist to-date. Currently, 
experimental aerodynamic characteristics data9 is available for only seven 
symmetrical (NACA 00xx) airfoil sections. The data for other airfoils (NACA 6-series,8 
Natural Laminar Flow (NLF) airfoils,6 etc.) has been obtained through a “Three-
Source Section Data” technique.6 A limitation of the “Three-Source Section Data” 
technique is its inability to model the stall and its hysteresis behavior accurately, in 
general, and at low chord Reynolds numbers, in particular. This limitation remains to 
this day and is mainly due to a lack of understanding and ability to numerically predict 
the post-stall behavior. Experimental investigations13-17 show that stall characteristics 
are strongly dependent on the airfoil geometry as well as chord Reynolds number. 
Furthermore, operation of airfoil at low chord Reynolds number has the tendency of 
aggravating the stall and its hysteresis characteristics. Since an accurate prediction 
of stall and post-stall characteristics is essential for a reliable prediction of the 
aerodynamic efficiency of a VAWT, the capability to accurately predict airfoil 
aerodynamic characteristics throughout the entire 360-deg angle of attack range as 
well as at low chord Reynolds number must be inherent in the performance analysis 
toolbox for VAWT. 
 
The second concern arises from the fact that airfoils for small-scale VAWTs operate 
at low Reynolds number. In the past, airfoil aerodynamic characteristics data has 
been extrapolated from known higher values of chord Reynolds number to obtain 
values for very low chord Reynolds number. It is now a known fact that at low 
Reynolds number (50,000 < Rec < 500,000) airfoils suffer from laminar separation 
bubbles11, 18 which lead to aerodynamic performance degradation. At low Re, the 
laminar boundary layer cannot withstand strong/prolonged adverse pressure 
gradients (dp/dx > 0, dU/dx < 0) and has a strong tendency to separate from the 
airfoil’s surface. In the separated zone the flow instability increases and leads to a 
transition to turbulent flow. Under certain conditions the turbulent boundary layer 
reattaches to the surface closing a so called “laminar separation bubble”. These 
separation bubbles appear as a plateau followed by transition and a steep increase 
in pressure in the surface pressure distribution plots and tend to move forward 
towards the airfoil leading edge as the angle of attack is increased. The presence of 
separation bubbles results in an additional “bubble” drag and thus a decrease in the 
airfoil’s aerodynamic efficiency. This effect is further aggravated by roughness effects 
resulting from airborne particles or insect strikes.  
 
One of the techniques for reducing bubble drag is through the use of boundary-layer 
trips to either completely eliminate or reduce the intensity of the laminar bubble. A 
limitation of using trips is that a trip configuration that is beneficial for one angle of 
attack and Re condition might not be beneficial for another operating condition. A 
second technique for reducing bubble drag is through the use of a transition 
ramp.11,23 A transition ramp refers to the shape of the pressure coefficient curve that 
has an extended region of adverse pressure gradient to destabilize the laminar 
boundary layer and gradually promote transition without the occurrence of large 
transitional bubbles. The length, slope and arch (convex vs. concave) of the transition 
ramp23 can be systematically altered to tailor the airfoil’s performance for a range of 
operating conditions. Recently interest18 in a variety of low Reynolds number 
applications has focused attention on the use of transition ramps to design efficient 
airfoil sections at chord Reynolds numbers from about 50,000 to about 1,000,000. 
These applications include low-speed NLF airfoils for general aviation,19-21 remotely 
piloted vehicles (RPVs) at high altitudes,22 sailplanes,13-16 ultra- light man-
carrying/man powered aircraft,23 propellers and wind turbines.17 This effort has 
resulted in improved rapid, robust, interactive airfoil design and analysis techniques24-
29 for low Reynolds number airfoil sections. In light of these new developments, it 
becomes imperative that these new improved design and evaluation techniques24-29 
for low Reynolds number flows be employed in analyzing the aerodynamic 
characteristics of existing airfoils and also in the design of new airfoils for VAWT 
applications.  
 
The third concern stems from the fact that the design of the optimum VAWT has 
never been attempted to-date. In the absence of a fast, robust and reliable airfoil 
aerodynamic characteristics analysis method, the traditional approach for selecting 
an optimum VAWT has been based on a comparison of the annual cost of energy 
production of the VAWT employing different airfoil sections or a combination thereof, 
the aerodynamic characteristics of which were determined experimentally. Scarcity of 
airfoil aerodynamic characteristics data as well as design constraints, e.g. airfoil 
thickness for structural integrity and stiffness etc., further limits the choice of 
candidate airfoils to a few. Design and use of low-speed symmetric NLF airfoils2, 3 
(SNLA 00xx/yy, where xx = % t/c, yy = % x/c: extent of laminar region), an idea taken 
from the low-speed NLF airfoil design for general aviation aircraft, has proved to be a 
disappointment for large-scale VAWTs. However, there is speculation that these 
airfoils may result in superior performance of small-scale VAWTs. Similarly, use of 
cambered airfoils for increased performance have also been suggested by several 
investigators.12, 30 In order to verify these findings, a design method for an optimum 
VAWT must be capable of reliably predicting the blade airfoil aerodynamic 
characteristics at all angles of attack and chord Reynolds numbers. The design can 
then be accomplished by a direct technique, also known as the design-by-analysis 
approach, or by an inverse technique.31 In the direct design technique, a procedure 
of repeatedly analyzing candidate geometries that successively approaches the 
desired objectives is employed. On the other hand, in the inverse design technique, 
the desired VAWT performance characteristics along with some initial blade and 
airfoil aerodynamic characteristics subject to some constraints (e.g., maximum airfoil 
thickness, etc.) are specified from which the corresponding VAWT blade geometry is 
determined through successive iterations on some other airfoil and blade geometric 
or aerodynamic characteristics.  
 
As a first step towards addressing these concerns, development of an interactive 
design and analysis toolbox becomes imperative. Such a toolbox must have the 
following minimum capabilities: 
a. Multipoint inverse airfoil design (PROFOIL28, 29, 33-35)  
b. State-of-the-art airfoil aerodynamic analysis (XFOIL24 or MSES27) 
c. VAWT performance analysis (CARDAAV2)  
With such a toolbox at hand, parametric studies can be performed to determine the 
relationship between the various design variables. The toolbox can also help in 
assessing various trade-offs in the design. For instance, since power output is 
directly related to the tangential force which in turn is related to airfoil section 
aerodynamic characteristics along the azimuthal direction, the tool box can address 
questions such as: what airfoil characteristics (such as range of cl, clmax, transition, 
stall characteristics, etc.) can lead to an increase in the tangential force along the 
azimuth?         
 
In the sections that follow, an inverse design methodology for the design of airfoils for 
an improved performance of VAWT is presented. A typical low-speed straight-bladed 
Darrieus-type VAWT example is used to demonstrate the design strategy and the 
resulting increase in performance.  The strengths and weaknesses of the method are 
discussed in light of the example study case. The paper ends with conclusions and 
recommendations for future work.    
 
The Inverse Airfoil Design Methodology 
 
An inverse airfoil design technique is one in which the airfoil geometry is obtained 
from a specification of desired velocity distribution(s) subject to certain constraints. 
The method is based on conformal mapping of flow around a circle (known) to that 
around the airfoil (desired) through conformal transformation. The strength of the 
method lies in its two main features: (1) the derivative of the transformation rather 
than the transformation is of importance and is easily related to the desired velocity 
distribution, and (2) multipoint capability. The latter is achieved by dividing the circle 
into a number of arc segments that relate to equal number of segments on the airfoil 
where the desired velocity distribution(s) are specified. Typically, good performance 
is required over a range of angles of attack. For example, as shown in Fig. 1, high-lift 
(high angle of attack) performance may be required as well as low-lift (low angle of 
attack). Thus, for instance, upper surface velocity distribution can be prescribed for a 
high angle of attack while simultaneously lower surface velocity distribution can be 
prescribed for a low angle of attack. Since the velocity distribution corresponds to the 
lift coefficient which in turn depends on the angle of attack, the velocity distribution 
along different airfoil segments can be related to different angle of attack conditions, 
i.e., α* (alpha-star) or Cl*. A good approximation is given by Cl* = 2π(1+0.78t/c)sinα*, 
where t/c is the airfoil thickness-to-chord ratio and α* corresponds to the zero-lift line. 
The resulting airfoil will, therefore, exhibit the design characteristics (velocity 
distribution and Cl*) when operated at the corresponding α*.  
 
In order to achieve practical airfoils, the derivative of transformation must be 
continuous at the junction of two segments (continuity constraints), and that the airfoil 
trialing edge be closed (closure constraint), in addition to the condition that the far 
field flow remain unaltered, the satisfaction of these constraint leads to a system of 
(N+3) equations where N is the number of segments. As mentioned earlier, the 
specification of the velocity distributions is not completely arbitrary. It must contain an 
equal number of unknowns (N+3) to obtain a solution of the problem. Typically these 
unknowns are the velocity levels on (N-1) segments, and the remaining 4 variables 
define the form of the recovery and closure functions for flow at the trailing edge 
along the upper and lower surfaces. Additional constraints (dependent variables) 
such as pitching moment, maximum thickness, camber, etc., can also be imposed 
and satisfied through an iterative procedure by varying some independent variables 
in the design, such as the variables defining closure and recovery functions. 
Simultaneous solution of the constraints requires a multi-dimensional Newton 
iteration scheme and is accomplished within 10-15 iterations. Details of the 
mathematical formulation and various applications of the method are described in 
greater detail in the works of Eppler, Selig, and Saeed. In the present study, the 
PROFOIL code is used as an interactive airfoil design tool.  
 
To evaluate performance of a VAWT, the computer code CARDAAV2 is used. The 
code is based on the Double-Multiple Stream Tube (DMSV) model with variable 
upwind- and downwind-induced velocities in each streamtube. The program allows 
multiple options for geometrical configuration, operational conditions and the control 
of the numerical process. These features make CARDAAV a reliable simulation tool, 
meeting the needs of VAWT designers. It computes the aerodynamic forces and the 
power output for VAWTs of arbitrary geometry at given operational conditions. It also 
has the capability to take into account the effect of finite blade span or the blade-tip 
effects, the occurrence of the dynamic stall, and several “secondary effects”, such as 
the effect of the wake of the rotating central column, and the drag of struts and 
spoilers. Detailed descriptions of the DMSV model and of the CARDAAV code 
capabilities are given in Ref. 2.  
 
Since the performance of the VAWT depends on the aerodynamic characteristics of 
its blade sections, a reliable and accurate prediction of airfoil aerodynamic and 
boundary layer characteristics in needed. In the current study, the XFOIL24 code is 
utilized for this purpose. XFOIL is a panel method with a coupled boundary-layer 
scheme. It has excellent airfoil design (direct and indirect) and analysis capabilities 
and is used extensively for such purpose. In the current study it is used to obtain the 
aerodynamic characteristics of airfoils. 
 
As a first step, the PROFOIL, CARDAAV and XFOIL codes were coupled to form an 
interactive design and analysis toolbox for the current study. A self-explanatory 
diagram illustrating the working of the newly created toolbox and the strategy used in 
applying the inverse design technique for an improved airfoil design for VAWT 
applications is shown in Fig.1. The figure of merit selected for the design is an 
improvement of 10-15% in power output for a tip-speed ratio of 1.6 (typical of small 
VAWTs). The strategy used is evaluation of VAWT’s power output at successive 
design iterations until the above criteria or figure of merit is met. Each iteration cycle 
as depicted in Fig. 1 is performed interactively. Next, a design example is presented 
to demonstrate the use of inverse design technique in improving performance of 
small VAWTs at low speeds. 
 
Design Example 
 
The VAWT geometry along with the operational conditions used in this study are: 3 
straight-bladed rotor with constant NACA 0018 section having chord of 0.125 m, 
length 6 m, and 6-m rotor diameter. The mid-span height of rotor is at 3.048 m above 
ground. A wind speed of 12 m/s is fixed with a shear component of αw = 0.16. A 
constant rotational speed of 30 rad/s has also been fixed. The effects of struts, tower 
wake and finite span blade have all been neglected. The dynamic stall is modeled 
with the Berg’s36 version of the Gormont model, with AM = 1000 suited for small 
VAWTs. For these conditions, the azimuthal variation of the local angle of attack and 
the Reynolds number on a blade element is: 45000 < Re < 250000 and -37.70 < α < 
41.59 deg. The airfoil aerodynamic characteristics were obtained from XFOIL for 
75000 < Re < 230000 and -20 < α < 20 deg. Figure 2 shows the computed drag 
polars, lift and transition curves for the NACA 0018 (original) and NACA 0018-M 
(modified) airfoils at Re = 200000 as compared to the experimental results for Re = 
200000 and 300000. Although aerodynamic coefficients are independent of airfoil 
geometry beyond |α| > 27-30 deg, the limitation of XFOIL to accurately predict these 
coefficients for low Re high α values, as evident from Fig. 2, results in uncertainty in 
accurately predicting the power output of the VAWT. This uncertainty can, however, 
be overcome by comparing the relative increase in power output as predicted by the 
analysis toolbox for both the actual NACA 0018 airfoil and the newly designed airfoil, 
referred to by the designations NACA 0018 and NACA 0018-M, respectively.  
 
As mentioned earlier, the length, slope and shape/arch (convex vs. concave) of the 
transition ramp23 can be systematically altered to tailor the airfoil’s performance for a 
range of operating conditions. This is specifically the strategy employed in the inverse 
airfoil design technique. It is accomplished by a systematic choice of the design 
angles of attack distribution or α*-distribution (as shown in Fig. 1) along the upper 
surface segments. Since it is desired that the airfoil be symmetric, a similar α*-
distribution with same magnitude but opposite sense is specified along the lower 
surface segments. Since the α*-distribution will translate into the corresponding 
velocity distribution, a uniform increase in α*-values is specified from trailing to the 
leading edge with uniform steps size to avoid corners in the velocity distribution. 
Additional constraints such as maximum thickness-to-chord ratio 18% and zero-
pitching moment are also imposed so as to obtain an airfoil similar to NACA 0018 as 
much as possible. The pitching moment constraint is satisfied by iterating on the first 
segment velocity level whereas the thickness-to-chord requirement is satisfied 
through a step increase/decrease in the specified α*-values. In addition, values of 
parameters defining the trailing edge thickness ratio and velocity recovery functions 
are specified as well as part of the input.  
 
Starting from these initial set of inputs, inverse design method was employed in an 
interactive manner to guide the design of successive airfoils towards achieving the 
objective. Figure 3(a) shows the different intermediate airfoil designs whereas; Fig. 
3(b) shows the final design (NACA 0018-M) as compared to the original NACA 0018 
airfoil. Figure 4 shows a comparison of the pressure coefficient distribution for the two 
airfoils with a longer transition ramp for the final airfoil. It is noted here that since the 
design objective of 15% more power output was met by the design, no further design 
iterations were attempted. A look at the transition curves in Fig. 2 for the two airfoils 
shows that the transition occurs later for the final design for all angles of attack, yet it 
has a slightly higher drag at low angles of attack. An explanation for this may lie in 
the fact that the pressure recovery is still quite steep for the final design leading to 
greater pressure drag. The increase power output of the VAWT for the final airfoil 
design is evident from the lift curve slopes of the two airfoils in Fig. 2. Moreover the 
final airfoil design also exhibits much less drag at α > 15 deg. Table 1 shows a 
comparison of power output P, power coefficient CP and the torque coefficients CQ. 
Again it is mentioned here that the 15% increase in power output should be viewed in 
terms of relative increase in power output as predicted by the analysis toolbox for 
both the actual NACA 0018 airfoil and the final airfoil design. The study shows that 
there is still a lot of room for improvement in the final design as well as flow analysis 
capabilities for low Re flows.        
 
Conclusions 
 
In this study, the use of inverse design methodology for the design of airfoils for low-
speed straight-bladed Darrieus-type VAWTs in achieving greater power output was 
successfully demonstrated.  The results of the study show that the method has great 
application potential for VAWTs, in general. The study also reveals that there is still a 
lot of room for improvement in flow analysis capabilities for low Re flows in reliably 
predicting post-stall aerodynamic characteristics. In the absence of such analysis 
capabilities, the study suggests that the results should be viewed qualitatively and 
not quantitatively.    
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Figure 1:  The inverse airfoil design strategy as employed for improved 
performance of a VAWT  
 
 
 
Figure 2: Comparison of aerodynamic and boundary layer characteristics of 
the original NACA 0018 airfoil and the final design NACA 0018-M airfoil with 
experiments.9 
 
 
   
 
Figure 3:  (a) Evolution of the design. (b) Final design compared to the original 
NACA 0018 airfoil. (Note: the y-axis has been greatly exaggerated to highlight 
difference in the airfoil shapes)  
 
 
 
 
 
Figure 4: Comparison of surface pressure coefficient distribution at  
Re = 200000 and α = 0 deg. 
 
 
Table 1: Comparison of power output for three different airfoils 
 
Cl-Cd data source Power (kW) CP CQ 
NACA 0018 (Experiments) 0.748 0.136 0.085 
NACA 0018 (XFOIL+ Experiments) 1.610 0.294 0.184 
NACA 0018-M (XFOIL+ Experiments) 1.850 0.338 0.211 
 
